ered by liquid, cm/s

kie = mass transfer coefficient from liquid to particle,
based upon void plus nonvoid surface covered
by liquid, cm/s

k = reaction rate constant, s—1

L = thickness of rectangular slab of catalyst (dimen-
sion perpendicular to face exposed to reactant)

r, = radius of spherical catalyst particle, cm

Sext = external surface of the catalyst particle, cm?

Shgrs = Sherwood number, Ky L/Dy4

Sh,s = Sherwood number, KysL/Dy4

Shrs == Sherwood number, kp;sL/Dg4

V = volume of catalyst particle (or slab), cm?

W = width of the rectangular catalyst slab (dimension
of the face of the slab exposed to reactant), cm

x = coordinate perpendicular to face of slab exposed
to reactant, cm

y = coordinate in the direction of the exposed face of

the slab, cm

Greek Letters

é = Thiele modulus of slab equivalent to catalyst
particle [Equation (12)]
¢ modified Thiele modulus, ¢/F

n = catalyst effectiveness factor for uniform concentra-
tion over the external particle surface (neglect-

ing external mass transfer resistances) [Equa-
tion (14)1]
overall catalyst effectiveness factor

Mo =

nr = overall effectiveness factor for the liquid covered
surface of the catalyst slab [Equation (15)]

ng = overall effectiveness factor for the gas covered

surface of the catalyst slab [Equation (17)]

LITERATURE CITED

Colombo, A. J., G. Baldi, and S, Sicardi, “Solid-Liquid Con-
tacting Effectiveness in Trickle-Bed Reactors,” Chem. Eng.
Sci., 31, 1101 (1976).

Dudukovic, M, P., “Catalyst Effectiveness Factor and Contact-
ing Efficiency in Trickle-Bed Reactors,” AICRE ], 23, 940
(1977).

Goto, S., and J. M. Smith, “Performance of Trickle-Bed Re-
actors: Part I,” AIChE ]., 21, 706 (1975).

Herskowitz, M., R. G, Carbonell, and J. M. Smith, “Mass Trans-
fer and Partial Wetting in Trickle-Bed Reactors,” ibid.
25, 272 (1979).

Satterfield, Charles N., “Trickle-Bed Reactors,” ibid., 21, 209
(1975).

Sedricks, W., and C. N. Kenney, “Partial Wetting in Trickle-
Bed Reactors,” Chem. Eng. Sci., 28, 559 (1973).

Manuscript received June 2, 1978; revision received September 1, and
accepted September 7, 1978.

Convective Mixing in Tube Networks

Ultman and Blatman (1977a) have recently published
a compartmental dispersion model for the analysis of
mixing in tube networks based on the solution of the
convective diffusion equation presented by Gill and
Sankarasubramanian (1970) for the mixing of a gas
tracer in fully developed parabolic flow. In their model,
Ultman and Blatman ignore the effect of axial velocity
profile distortion and consider the velocity to be parabolic
in each branch of their tube networks. We present below
an analysis of gas dispersion in networks which neglects
molecular diffusion but accounts for the effect on gas
mixing of pure axial streaming through axial velocity
profile distortion.

Comparison of the predictions of this theory with SFs
data of Ultman and Blatman and with benzene vapor
data previously collected by one of the authors suggests
that for high Peclet numbers and short residence times,
the axial streaming theory is superior to the compartmental
dispersion model.

Furthermore, the convective mixing theory may be
able to explain the difference in tracer dispersion ob-
served between inspiratory and expiratory flow through
a five-generation model of the bronchial airway (Scherer

Correspondence concerning this note should be addressed to Peter W.
Scherer.
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et al., 1975) on the basis of differences in the longitudinal
velocity profiles, although further expiratory velocity pro-
file measurements are necessary before any firm conclu-
sions can be reached.

THEORETICAL ANALYSIS

Consider the three-dimensional laminar stream tube
flowing steadily through the symmetric tube network
shown in Figure 1. Axial distance x is measured along
the tube centers, where x, represents the point of injec-
tion of a gas tracer pulse at time ¢ = 0, and x, represents
a fixed point downstream where the average tracer con-
centration across the tube is monitored.

If we neglect the bending of the stream tube and the
secondary motions induced by the bending, and if we
assume the Peclet number au/D is high, the tracer gas
concentration in the stream tube is described to a good
approximation by the convective transport equation in
cylindrical coordinates:

~tu—= (1)

If the x dependence of the axial velocity u is neglected,
the solution of Equation (1) is

¢ = colx — u(r, 6)t) (2)
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The convective solution [Equation (2)] for the tracer
concentration distribution does not apply in regions close
to the tube walls where molecular diffusion must be
included in order to satisty the no flux through the wall
boundary condition dc/dr,=, = 0. The solution should
be a good approximation, however, in regions of the
stream tube where the local Peclet number >> 1.

We now define the mean residence time ¢ and time
variance o¢% observed downstream at point x; as

T=f" {%j; uAcdA }dt (3)

0'32=‘£n (t—t_)Z{:i—fAuAch}dt (4)

where ¢ is given by Equation (2), and the integral
1/A f4uAcdA represents the fractional tracer concentra-
tion per unit time averaged across the stream tube of
cross-sectional area A.

Since the integrands of (3) and (4) are continuous
inx r, 0 and ¢, the order of integration can be inter-
changed to give

T= %‘j;{ ‘fw tuAcdt} dA (5)
a,2=—1-£ { j;“ (¢ —7)2uAcdt}dA (8)

and

and

A

Introducing the transformation from ¢ to v, defined by
n = % — ut, noting n(x;, t = 0) = 0, writing u = u
+ o where u = 1/A fa udA, expanding 1/(u + u’) as
the series 1/u(1 — u/u + (u/u)? — ...) and keeping
only leading terms, we get

x

t=— (7
u
and
1 f o,02 u \?
D‘t2=-—‘ dA+(—_—) 2 (8)
A A u? u

Fig. 1. A stream tube for stcady laminar inspiratory flow through a
two-generation symmetric branched network. Inset shows isouxial
velocity contours in the tube cross section downstream from the first
bifurcation. Shaded region is high speed corz against inside wall

W.).
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where, in doing the integrations, it has been noted that
+
f_w Ac(n)dn = 1,7 (3, =0) =0

+ «
= f_w nAc(n)dny
and
+
0% = J‘_w 1?Ac(n)dy

The difference in variance A(o¢?) between that observed

at 7 = 0 and that observed downstream at t = x;/u is,
then, from (8)

A(e?) = —(-_fjgfz (9)

EY-10 () a w

2/ A

where

The integral appearing in (9) and (10) cannot be evalu-
ated without knowing the lateral boundary of the average
stream tube within the model. In order to compare the
theory with experimental data, we take an average by
integrating over the cross sections of several stream tubes
contained within the central physical tube of the model in
question. In doing the integrations over the central tube
cross section, representative velocity profiles reported in
the literature were used (Schreck and Mockros, 1970;
Schroter and Sudlow, 1969).
Introduction of the nondimensionalizations

D . ~ D?
r=—1t and o2=—A4(c?)
a? 8at

where a is the physical model central tube radius, allows
comparison of the predictions of the above theory with
Ultman and Blatman’s experimental data for a two-genera-
tion network of tubes of constant diameter and with ben-
zene vapor data previously collected by the author
(Scherer, 1975). Using the above nondimensionalizations
in Equation (9), we finally get

In(c2) =2lr+1n [%@7] (11)

u

DISCUSSION AND COMPARISON WITH EXPERIMENTS

Equations (9) and (11) show that if mixing by con-
vection alone is considered, the change in the time vari-
ance of an injected tracer peak between two points along
a stream tube is, to a good approximation, determined by

the positive dimensionless velocity profile parameter (w/u)?
defined by Equation (10). In Equation (10), the re-
gion of integration must extend over only that part of the
stream tube cross sections where the convective solution
(2) applies. For Poiseuille flow in a straight tube, the ap-
proximate boundary of this region + can be estimated from

u(a —r)
Np.;:-——ﬁ-——él

For the range of air-SFg flow rates used by Ultman and
Blatman, the tube cross section covered by 0 =+ = 0.95a
is appropriate.

Figure 2 shows a comparison of Equation (11) with
experimental SFg dispersion data collected by Ultman and
Blatman (1977a) and with experimental benzene disper-
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Fig. 2. Comparison of experimental tracer impulse-response data
(A, O, 1} with the theory of Ultman and Blatman for parabolic tlow
in a straight tube (dashed curve) and with the straight lines pr:dicted
by Equation (11). A = U, B SF¢ data for Poiseuille flow in u straight
tube; O = U, B SFs data for inspiratory flow through a two-gener-
ation symmetric network; | — Scherar et al. data for expiratory flow
in a five-generation symmetric network. Straight line intercepts are

(a) = —3.43,(b) = —3.64, and (¢) = —4.78.

sion data (Scherer, 1975) obtained in a five-generation
model of the bronchial tree. Also shown for comparison
is the prediction of the Ultman and Blatman compart-
mental mixing model. In Figure 2, line (a) represents
the prediction of Equation (11) for Poiseuille flow, line
(b) for inspiratory ow in a two-generation network, and
line (c) for expiratory flow in a two-generation network.

The first important point of agreement between the
convective theory and the experiments is that when ex-

perimental values of In o 2 are plotted against values of
In r, the curves are very nearly straight lines, with slopes
equal to 2.0, as predicted by Equation (11).

The theoretical intercepts are given by the values of

In [% (w/u)?] for the various flows. For the case of

Poiseuille flow (a) in a straight tube, (u’/u)? can be
evaluated exactly by integration between the limits 0 =
¥ = 0.95a to give In [% (v//u)2] = —3.43, in good
agreement with experiment. For the gas dispersions stud-
ied in two- and five-generation networks, the values of

(t//u)? for forward and reverse flow were calculated by
numerical integration of representative velocity profiles
(see Figure 1) reported in the literature (Schreck and
Mockros, 1970; Schroter and Sudlow, 1969).

The comparison of the convective theory and experi-
ment shown in Figure 2 suggests that for expiratory flow
in the five-generation network, the average value of

(t//u)? is less than for expiratory flow in a two-generation
network (c); that is, the average velocity profile is prob-
ably flatter in the five-generation than in the two-genera-
tion network. The shift in the theoretical lines (b) and
(c) for a two-generation network shows qualitatively the
slight decrease in mixing due to the flattening of the ve-
locity profiles in expiratory flow, which has been reported
in the literature (Schroter and Sudlow, 1969; Pedley,
1977). It should be noted, however, that Ultman and
Blatman (1977a) found no experimental difference in

o 2 for inspiratory and expiratory flow in their two-genera-
tion symmetric tube model. It may be that several gen-
erations in series are required to obtain a flat enough
velocity profile to influence tracer dispersion.
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CONCLUSION

The theory of convective mixing in tube networks pre-
sented above is approximate in that axial variation in longi-
tudinal velocity is neglected and only average representa-
tive values of the axial velocity profiles within the tube
networks are used. Even with these approximations, how-
ever, agreement with available experimental data is good.
In particular, the SF; data reported by Ultman and Blat-
man (1977a) agree with the theory over a wide range of
residence times.

The agreement obtained between the experiments and
theory presented here suggests that in regions of tube net-
works where the Peclet number is greater than about 50,
as often occurs in flows of aerosols, liquid dyes, and heavier
gases, and for residence times less than about 2 s, r < 1.0,
the major mode of mixing is by convection, and dispersion
depends mostly on axial velocity profile distortion.

NOTATION

A = average cross-sectional area of the stream tube
passing through the tube network, cm?

radius of central tube in physical model, cm
fractional tracer concentration normalized by the
total tracer mass injected, cm™®

fractional tracer concentration injected at ¢t = 0,
which is uniformly distributed across the tube and
a function of x only, cm—3

molecular diffusion coefficient, cm2/s

radial cylindrical coordinate, cm

time, s

Q

o
i

&$
i

i

= tracer residence time, s

(r,8) = average value of axial velocity in the stream
tube, cm/s

mean velocity averaged over stream tube cross-
section, cm/s

axial distance along tube centers, cm

@ Sk r oy

u

X

Greek Letters

transformation variable, cm
angular cylindrical coordinate, rad
time variance, s

i

n
]

o
o=
~
o? dimensionless time variance
r

dimensionless residence time
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